The paper is devoted to numerical realization of elastoplastic problems. The main goal is to improve implementation of the related constitutive problems. This can be done if plastic flow rules are defined by subdifferentials of plastic potentials. Then just one plastic multiplier is used even if the plastic potentials are nondifferentiable for unknown stress tensors. Further, the implicit Euler time discretization scheme is considered and the standard elastic predictorplastic corrector method is used to find the discretized constitutive solution. Due to the presence of the one multiplier, it is possible to construct a unique system of nonlinear equations within the plastic correction regardless the unknown stress tensor lies on the smooth portion of the yield surface or not.
Introduction
Numerical realization of elastoplastic problems is a subject of many papers. Let us mention e.g. the book [2] where numerical integration algorithms for many problems of plasticity are introduced and decribed in detail. Neverthless, there is a one part of the algorithms that can be improved. This part is related to the definition of plastic flow rules in the forṁ ε p =λ ∂g(σ, A) ∂σ , (1.1) whereε p ,λ, σ, A, and g = g(σ, A) denote the plastic strain rate, the plastic multiplier rate, the stress tensor, the hardening thermodynamical forces and the plastic potential, respectively. It is well-known that the function g need not be differentiable everywhere with respect to σ. If the derivative ∂g/∂σ does not exists at σ then the rule (1.1) is usually replaced by various ways depending on a particular choice of g. For example, more plastic multipliers are used in the case of the Mohr-Coulomb criterion. Since the stress tensor σ is unknown within the constitutive problem, it cannot be a priori decided which definition of the plastic flow could be used. This fact complicates numerical realization of the constitutive problem and consequently construction of the tangential (consistent) stiffness matrix.
For many elastoplastic models, the potential g is convex at least in vicinity of the yield surface. Then it is known that the plastic flow rule can be defined as follows:
where ∂ σ g(σ, A) denotes the subdifferential of g at σ with respect to the stress variable. The main goal of this paper is to show that the definition (1.2) can be suitable for numerical purposes and even enables to simplify numerical realization of the elastoplastic problem.
First of all, we explain the difference between the standard and new approach on a simple 2D projective problem. Consider a convex set B := {w = (w 1 , w 2 ) ∈ R 2 | f (w) ≤ 0}, f (w) := w 1 + |w 2 | − 1, and define the projection Π B of R 2 onto B as follows:
Clearly, the function f is convex in R 2 , nondifferentiable at w = (w 1 , 0) and
Scheme of the projection is depicted in Figure 1 . Notice that the projective problem mimics the discretized constitutive elastoplastic problem which is usually solved by the elastic predictor -plastic corrector method. The "elastic prediction" corresponds here with testing whether z ∈ B, i.e. f (z) ≤ 0. If this is true then clearly w * = Π B (z) = z. Conversely, if z ∈ B then w * = Π B (z) lies on the boundary of B, i.e. f (w * ) = 0, and can be found by "plastic correction" using the terminology from elastoplasticity.
The standard scheme of the "plastic correction" is following:
1. Solve the problem: given z ∈ R 2 , z ∈ B, find w ∈ R 2 and λ > 0 such that
subject to the assumption that f is differentiable at w.
2. Decide about solvability of (1.4) . If the solution (w, λ) exists then w = w * = Π B (z). Otherwise go to Step 3.
3. Use that f is nondifferentiable at w * , replace the first equality in (1.4) with something different, solve the modified system (1.4) and go to Step 2. This scheme is straightforward for the investigated example. Indeed, the first equation in (1.4) yields
Since λ > 0 is required, the second equation in (1.5) implies
Hence,
Consequently, the triplet (w 1 , w 2 , λ) satisfying
is a unique candidate on the solution to (1.4) . Using the first equality in (1.6), this triplet is the solution if and only if
Step 3, the function f is nondifferentiable at w * . This means that w * 2 = 0. Hence the equality f (w * ) = 0 yields w where (.) + denotes the positive part of a function. This is in accordance with (1.5), (1.6) and (
+ . Then the system of three nonlinear equations reduces to the equation
with the unknown λ. It holds
After finding λ, one can easily compute w * = w = (w 1 , w 2 ). One can see that the suggested scheme of the plastic corrections works well for the investigated projective problem. On the other hand, in general, it is not clear whether Step 2 will be applicable for elastoplastic problems. In this paper and the consequent one (PART II), it will be shown that inclusions can be replaced by systems of nonlinear equations at least for a wide class of models. Then the advantage of the new method is clear -we have only one system of nonlinear equations regardless differentiability of the plastic potential at the unknown stress tensor. This system of equations can be solved e.g. by the semismooth Newton method in general. But similarly as in the projective problem, some variable can be eliminated from this system depending on a selected model. We will see that this will be the case of the Drucker-Prager (PART I) or Mohr-Coulomb (PART II) criteria.
The rest of the paper is organized as follows. In Section 2, the constitutive problem containing the Drucker-Prager yield criterion, the nonassociative flow rule and the nonlinear isotropic hardening is introduced. The flow rule is defined using the subdifferential of the plastic potential. The constitutive problem is discretized by the implicit Euler method and solved using the improved elastic predictorplastic corrector method. Further the stress-strain relation and its derivative are described. Section 3 is devoted to numerical realization of the discretized elastoplastic problem using the semismooth Newton method. Many implementation details are described here. In Section 4, several numerical experiments are introduced. The paper also contains Appendix, where the Drucker-Prager criterion is replaced with an abstract criterion defined using the Haigh-Westergaard coordinates to generalize the introduced results.
Elastoplastic constitutive problem with the Drucker-Prager criterion
In this section, we use tensor notations. In particular, second order tensors (bold letters) are represented by symmetric matrices belonging to R 3×3 and fourth order tensors are denoted by capital blackboard letters, e.g., D e or I dev . The symbol ⊗ means the tensor product. For more details to the used tensor algebra and analysis, we refer [4, 2] . We also use the notation R + := {z ∈ R; z ≥ 0}.
Constitutive initial value model
We consider the elastoplastic problem containing the Drucker-Prager criterion, a nonassociative plastic flow rule and a nonlinear isotropic hardening. Within a thermodynamical framework with internal variables, we introduce the corresponding constitutive initial value problem, see [2]:
1. Additive decomposition of the infinitesimal strain tensor ε on elastic ε e and plastic ε p parts:
2. Linear isotropic elastic law between the stress and the elastic strain:
where K, G > 0 denotes the bulk, and shear moduli, respectively. Further, I is the identity tensor and I dev is the fourth order tensor representing the deviatoric part of a tensor, i.e.
3. Non-linear isotropic hardening:
Hereε p ∈ R + denotes an isotropic (scalar) hardening variable, κ ∈ R + is the corresponding thermodynamical force and H : R + → R + is an nondecreasing, continuous and piecewise smooth function satisfying H(0) = 0. Usually, H is a piecewise linear function.
4. Drucker-Prager yield function:
Here, the parameters η, ξ > 0 are usually calculated from the friction angle using a sufficient approximation of the Mohr-Coulomb yield surface and c 0 > 0 denotes the initial cohesion. Further, the functions
define the hydrostatic stress, the deviatoric stress, and its norm, respectively, related to σ. Notice that 2 /2 = J 2 (s). It will be useful to know the derivatives of these functions:
Since := (σ) is nondifferentiable if s(σ) = 0, we also introduce the subdifferential ∂ (σ) of at σ. It holds
We see that the set ∂ (σ) is either singleton (for s = 0) or the convex set (for s = 0) which contains all the tensors n satisfying I : n = 0 and n ≤ 1. Notice that the condition I : n = 0 holds even if s = 0.
5. Plastic flow potential.
Hereη > 0 denotes a parameter depending on the dilatancy angle.
6. Nonassociative plastic flow ruleε p ∈λ∂g(σ), (2.13) whereλ ≥ 0 is a multiplier and ∂g(σ) denotes the subdifferential of the convex function g at σ. Using (2.5)-(2.12), we haveε
where n ∈ ∂ (σ). Consequently,
using (2.1), (2.2) and (2.11).
7. Associative hardening law:ε
Then the elastoplastic constitutive initial value problem has the form: Given the history of the strain tensor ε = ε(t), t ∈ [0, t max ], and the initial values
Find the generalized stress (σ(t), κ(t)) and the generalized strain (ε p (t),ε p (t)) such that (2.1)-(2.4) and (2.15)-(2.17) hold for each instant t ∈ [0, t max ].
Discretized constitutive problem and its solution
Consider the following partition of the time interval:
Denote σ k = σ(t k ) and similarly introduce the index k for other variables. The elastoplastic constitutive initial value problem will be discretized using the implicit Euler method. Then the discrete elastoplastic constitutive problem for the k-step reads as follows: Given ε k , σ 
Notice that if problem (2.18)-(2.20) has a solution then the remaining input parameter for the next step has the form ε
e : σ k . Since the functions f and g depend on σ only through the variables and p, it is natural to reduce the number of uknowns in problem (2.18)-(2.20). To this end, we split (2.18) into deviatoric and volumetric parts and obtain
and
Notice that (2.23) can be equivalently rewritten into
where h + denotes the positive part of a function h. The following lemma summarizes and completes the proven results.
is a solution to the following system: 
The unknowns p k , k ,ε p k can be eliminated by substitution (2.26)-(2.28) into (2.29). Therefore the solution component λ satisfies
(2.31) Problem (2.31) can be standardly solved using the elastic predictor -plastic corrector method. Elastic predictor. First, we verify whether the trial generalized stress (σ After finding λ which satisfies (2.36), we set
The triplet (σ k ,ε After finding λ which satisfies (2.39), we set
The triplet (σ k ,ε p k , λ) is the solution to (2.18)-(2.20) using Lemma 2.1. Problems (2.36) and (2.39) can be solved by various numerical methods like Newton, regula falsi or bisection methods. The Newton method for these problems is introduced in Section 3.3. In particular, if H is a linear function then λ can be found in closed form.
The presented integration algorithm is useful even from the mathematical point of view. In fact, it was proven that the problems (2.26)-(2.29) and (2.18)-(2.20) have unique solutions. Moreover, it can be shown that the nonlinear function between T the stress and strain defined in the next section is semismooth. Notice that piecewise smooth functions are examples of semismooth functions and semismoothness is an important assumption for correct using of the semismooth Newton method introduced in Section 3.2, see e.g. [5] . Semismoothness of elastoplastic constitutive operators was investigated e.g. in [6, 7] .
Stress-strain relation and its derivative
.
(2.44) Therefore, one can define the stress-strain relation for the k-step:
where λ is the solution to (2.31) and q is defined by (2.34). The stress-strain relation will be standardly substituted into the balance equation.
It is also useful to find a tangential operator to the stress-strain relation, i.e. the derivative ∂σ k /∂ε k if it exists. To this end, we use these auxilliary results:
For the sake of simplicity, we assume that H is differentiable atε p,tr k + λξ and denote H 1 := H (ε p,tr k + λξ). We distinguish three possible cases:
1. Let q(0) < 0 (elastic response). Then clearly,
Then the derivative of (2.40) yields
Applying the implicit function theorem on (2.39), we obtain
Applying the implicit function theorem on (2.36), we obtain
It is readily seen that the tangential operator is nonsymmetric ifη = η.
Then one can define the generalized derivative (in the sense of Clark) of T (.; ε
(2.57)
Numerical realization of the elastoplastic problem
In Section 2, only the constitutive problem was considered. Now, the elastoplastic problem will be completed and discretized in space. The presented scheme of numerical realization is similar as in [1] .
One-time-step elastoplastic problem
We consider an elasto-plastic body occupying a bounded domain Ω ⊆ R 3 with the Lipschitz continuous boundary Γ. It is assumed that Γ = Γ D ∪ Γ N , where Γ D and Γ N are open and disjoint sets, Γ D has a positive surface measure. Surface tractions of density f t are applied on Γ N and the body is subject to a volume force f V .
Notice that the above defined stress, strain and hardening variables depend on the spatial variable x ∈ Ω, i.e. σ k = σ k (x), etc. The displacement at the time step k will be denoted by the symbol
denote the space of kinematically admissible displacements. The strain -displacement relation is defined as follows:
The investigated one-time-step problem can be defined as follows:
1) where f V,k and f t,k are the prescribed volume, and surface forces at t k , respectively.
Algebraic formulation of the problem
For the sake of simplicity, we assume a polyhedral 3D domain Ω and use the linear simplex elements. The corresponding shape regular triangulation is denoted by T h . Thus the space V is approximated by its subspace V h of piecewise linear and continuous functions. Therefore strain, stress and the isotropic hardening fields are approximated by piecewise constant functions.
Next, an algebraic formulation of the one-time-step problem will be described. For the sake of simplicity, we let the same symbols for algebraic representation of stresses, strains and displacements as in the previous text.
Each
where N denotes the number of vertices of the triangulation T h and n = 3N . The homogeneous Dirichlet boundary condition is represented by a restriction matrix B D ∈ R m×n , i.e.
Therefore the space
is the algebraical representation of V h . Since the nonlinear function representing the searching system of nonlinear equations and the corresponding tangential stiffness matrix will be assembled element by element we introduce a matrix R ∈ R 12×n that restricts a displacement vector v ∈ R n on an element ∈ T h , i.e.
Further, we use the standard vector representation in R 6 of the stress and strain tensors:
Notice that the stress and strain vectors have different structures in comparison to the above tensor notation. This fact must be taken into account in the next deriving. Recall that the stress and strain fields are constant on each element with respect to the used space discretisation. Let the matrix G ∈ R 6×12 represent the algebraic relation between the strain and the displacement on ∈ T h , i.e. the strain ε on an element ∈ T h related to a displacement vector v can be found by (3.3) 
Let T , T o denote the algebraic representation of the functions T and T o introduced in Section 3, respectively. Their construction will be described in the next section. Then the operators F k : R n → where f k denotes the load vector at the time t k . This leads to the system of nonlinear equations after reducing the rows corresponding to the Dirichlet boundary conditions. The system can be solved by the semismooth Newton method. The corresponding algorithm reads as follows: Algorithm 1 (Semismooth Newton method). , we compute σ k using (5.26). We see that two different cases can happen: if k > 0 then the plastic corrector returns the stress to the smooth part of the yield surface, otherwise to the apex.
